Abstract. We present a renormalized Gauss-Bonnet formula for a strictly pseudoconvex manifold with a complete Kähler metric given by a globally defined potential function near the boundary. When the metric is asymptotically Einstein, the boundary contribution in the formula is explicitly written down in terms of the pseudo-hermitian geometry of the boundary and is shown to be
where |A| 2 is the squared norm of the Tanaka-Webster (TW) torsion and Scal is the TW scalar curvature with respect to θ, which is assumed to be pseudo-Einstein (see Section 4). The integral on the right-hand side can be generalized to abstract 3-dimensional CR manifold M with trivial CR holomorphic tangent bundle and μ (M ) is now called the Burns-Epstein invariant; see [CL, BH] for further generalization of the invariant in real 3-dimensions.
In the case n ≥ 2, the renormalized Gauss-Bonnet formula is derived from a Chern-Simons type transgression formula defined on the Cartan bundle over a CR manifold. The boundary term μ(M ) is defined as a paring of the transgression form with a cycle, called the homological section, of the bundle. Due to this topological procedure, it is not easy to relate μ(M ) with the local CR or pseudo-hermitian geometry of M . Also, the construction of the homological section is done by using the global coordinates of C n+1 and their result is confined to this setting.
We here derive a renormalized Gauss-Bonnet formula for a strictly pseudoconvex manifold X with a complete Einstein metric of the form g = ∂∂ log(−1/ρ) near the boundary M , where ρ is a defining function of M . In the formula, μ (M ) is given explicitly in terms of the TW curvature and torsion of the contact form θ = ( √ −1/2)(∂ρ − ∂ρ)| T M . In particular, in case dim R M = 5, we have
where R and A are respectively the TW curvature and torsion. For higher dimensions, the integrand is given by a linear combination of complete contractions of tensor products of several R and A.
We significantly simplify and generalize the derivation of μ (M ) in [BE2] by introducing a local frame of the holomorphic tangent bundle T 1,0 X which is compatible with the CR structures of the foliation defined by the level sets of ρ. We can use the local frame to derive a transgression form for c n+1 (Θ), which is independent of the choice of the frame and thus globally defined on X. It then becomes possible to apply the classical method in Chern's proof of the Gauss-Bonnet theorem [Ch] to prove the renormalized version (1.1). This argument is irrelevant to the Einstein condition and our first main theorem can be formulated as follows: THEOREM 1. Let X be an (n + 1)-dimensional compact complex manifold with strictly pseudoconvex boundary M . Assume that X admits a complete hermitian metric g which is of the form g = ∂∂ log(−1/ρ) near the boundary for a defining function ρ of M . Let Θ be the Bochner tensor of g and set θ = ( √ −1/2)(∂ρ − ∂ρ)| T M . Then the renormalized Chern form for g satisfies X c n+1 (Θ) = χ(X) + μ (M, ρ) .
The boundary term is given by the integral
where F (R, A, r) is an invariant polynomial in the components of the TW curvature R, TW torsion A and the transverse curvature r of ρ.
While the explicit form of F (R, A, r) is not easy to write down, in the course of the proof, we obtain an expression
where Π is a transgression form given explicitly as a polynomial in Θ and the renormalized connection form θ i j of g; see Theorem 3.1. We now specialize Theorem 1 to the case for asymptotically Einstein metric, which is equivalent to imposing the approximate complex Monge-Ampère equation for the defining function ρ.
THEOREM 2. Let X and g be as in Theorem 1. Assume that ρ satisfies the approximate complex Monge-Ampère equation. Then μ(M, ρ) is independent of the choice of such ρ and defines a CR invariant μ(M ) of M . Moreover, it has the form
where F (R, A) is an invariant polynomial in the components of the TW curvature R and torsion A. In the case n = 1 and 2, F (R, A) is respectively given by (1.2) and (1.3).
Note that the existence of a global defining function ρ satisfying the asymptotic Monge-Ampère equation is equivalent to the existence of a pseudo-Einstein contact form. Thus we may say that the CR invariant μ(M ) is defined on pseudo-Einstein manifolds; see Theorem 4.5. It is also known that the boundary of a strictly pseudo convex domain in a Stein manifold admits a pseudo-Einstein contact form [CC] ; so Theorem 2 can be applied to such a domain.
While the formula of μ(M ) for low dimensions is explicitly given, it is still not easy to evaluate the integral. We give here two simple examples for which we can write down μ(M ) with a help of symmetry. First, let (L, h) → Y be a hermitian line bundle over a compact 2-dimensional complex manifold. We assume that the unit disc bundle X ⊂ L is strictly pseudoconvex, or equivalently, the curvature curv(h) of h is negative definite. If we further assume that − curv(h) defines an Kähler-Einstein metric g, then the contact from defined from ρ = log h (v, v) is pseudo-Einstein; so that the assumption of Theorem 2 is satisfied. In this setting, we can write μ(M ) for M = ∂X as follows:
where σ and Weyl are respectively the scalar and the Weyl curvatures of g as a Riemannian metric. The second example is the boundary of a Reinhardt domain Ω r = {(w 0 ,w 1 ,w 2 ) ∈ C 3 | (log |w i |) 2 < r 2 }, on which O(3) × T 3 acts transitively as local CR diffeomorphisms. We can take a pseudo-Einstein contact form which is invariant under this action, and the computation of μ(∂Ω r ) is reduced to evaluating Π at a single point of ∂Ω r . The result of the computation is μ(∂Ω r ) = − 20π 27 1 r 3 . (1.6) By Fefferman's theorem, if two strictly pseudoconvex domains are biholomorphic, then their boundaries are CR differmorphic. Since μ(∂Ω r ) is a CR invariant, it follows from (1.6) that Ω r and Ω r are biholomorphic if and only if r = r .
Finally, let us mention another global CR invariant defined from the Q-prime curvature on pseudo-Einstein manifolds [CaY, Hi2] . Q-prime curvature is a local invariant of a pseudo-Einstein contact form; while it is not a local CR invariant, its integral is shown to be a global CR invariant, which is called the total Q-prime curvature and denoted by Q (M ) . For 3-dimensional manifolds, the total Q-prime curvature agrees with the Burns-Epstein invariant. However, for higher dimensions, μ (M ) and Q (M ) have different properties. For example, if M is the boundary of a complete Kähler-Einstein manifold (X, g), then Q (M ) can be formulated as a renormalized volume of (X, g). The details will appear in our joint paper with K. Hirachi and Y. Matsumoto [HMM] . This paper is organized as follows. In Section 2, we review basic notions of the geometry of CR manifolds and complex manifolds with boundary. In Section 3, we define the renormalized connection by following Burns-Epstein. Then we prove Theorem 1 by constructing a transgression of the renormalized Chern form. In Section 4, we introduce the approximate complex Monge-Ampère equation for a defining function, and prove Theorem 2. In the last section, Section 5, is devoted to the proofs of the examples (1.5) and (1.6).
Notations. We use Einstein's summation convention and raise or lower indices by the Levi form.
• The lowercase Latin indices i, j, k, l run from 0 to n.
• The lowercase Greek indices α, β, γ run from 1 to n. also like to express his gratitude to Professor Daniel Burns and Professor Paul Yang for having interest in this work and suggesting some related problems.
2. Pseudo-hermitian geometry.
2.1. Pseudo-hermitian structures. Let M be a (2n + 1)-dimensional C ∞ manifold. A CR structure on M is a pair (H, J) , where H ⊂ T M is a subbundle of rank 2n called the Levi distribution and J is an almost complex structure on H. The complexification of H has the eigenspace decomposition with respect to J:
Here, T 1,0 M is the eigenspace corresonding to the eigenvalue √ −1, and called (CR) holomorphic tangent bundle of M . We assume that T 1,0 M satisfies the following integrability condition:
Suppose that M is orientable. Then there exists a global non-vanishing real 1-form θ which annihilates H. For a choice of such θ, the Levi form is defined by
A CR structure is said to be strictly pseudoconvex if θ can be taken so that L θ is positive definite. Such a θ is called a pseudo-hermitian structure or a contact form. For another contact form θ = e Υ θ (Υ ∈ C ∞ (M )), the Levi form transforms as L θ = e Υ L θ , so the conformal class of the Levi form is well-defined for a CR structure. In this point of view, one can regard CR structures as "pseudo-conformal structures". Fixing a contact form, we can define a canonical linear connection on M called the Tanaka-Webster (TW) connection [W, T] , which is described as follows: Let T be the characteristic vector field, which is the real vector field characterized by 
with structure equations
The tensor A α β is called the TW torsion, and satisfies A αβ = A βα . We will use the symbol T as the index of tensors corresponding to the direction T , and will denote components of covariant derivatives with indices preceded by a comma, e.g., A αβ,γ = ∇ γ A αβ . We usually omit the comma for functions. For a function f , one can write
, and a real valued function is CR pluriharmonic if it is locally the real part of a CR holomorphic function. The curvature form of the TW connection
We will use the Levi form h αβ to raise and lower the indices. The tensor R αβγδ , called the Tanaka-Webster curvature, has the following symmetry:
Contracting the curvature tensor, we define the Ricci and scalar curvatures:
Strictly pseudoconvex manifolds.
Let X be a relatively compact domain with smooth boundary in a complex manifold X. A defining function of X is a smooth real function on X such that X = {ρ < 0} and dρ = 0 at ∂X. The boundary M = ∂X has a natural CR structure induced by the complex structure J of X; the Levi distribution H is the maximal J-invariant subbundle of T M, and the restriction of J defines an almost complex structure on H. The integrability condition for the CR structure follows from that of J. We say X is a strictly pseudoconvex manifold if the Levi form of the contact form(
Let us recall the Graham-Lee connection [GL] for a defining function ρ. When the boundary M = ∂X is strictly pseudoconvex, there exists a unique (1,0)-vector field ξ near M satisfying
with a real function r. We call r the transverse curvature of ρ. Let {θ 0 ,θ α } be the dual frame of a local (1,0)-frame {W 0 = ξ ,W α } with {W α } a frame for H :=Ker∂ρ. Then θ 0 = ∂ρ and one can write as
For sufficiently small ε > 0, M −ε := {ρ = −ε} is a strictly pseudoconvex CR manifold and the restriction of θ := ( √ −1/2)(∂ρ − ∂ρ) gives a contact form. From (2.2), the Levi form for this contact form is h αβ and the restriction of {θ, θ α ,θ α } becomes an admissible coframe. We write
with real vector fields N and T . Then one can check that 
where R α β γδ are the components of the TW curvature tensor, and δ α β denotes the Knonecker delta.
Note that the condition (a) follows from the others. One can see that A αβ above coincides with the TW torsion on each M −ε . We will use the index 0 for the covariant differentiation in the direction ξ, e.g.,
3. Proof of Theorem 1.
3.1. Transgression and Gauss-Bonnet formula. Let X be a strictly pseudoconvex manifold and ρ a defining function of X. By strict pseudoconvexity, a (1, 1)-form ∂∂ log(−1/ρ) defines a Kähler metric on X near the boundary M = ∂X. We extend this metric to a hermitian metric g on X, and denote the connection and the curvature forms of g by ψ i j and Ψ i j respectively. Burns and Epstein [BE2] renormalized these forms by subtracting singularities. The renormalized connection form is defined by
where
The renormalized curvature is defined by
The curvature 
We decompose (3.3) into the Euler characteristic and a boundary integral by constructing a transgression form for c n+1 (Θ). Let ξ be the (1, 0)-vector field near M characterized by (2.1). We extend ξ to X so that it has finitely many nondegenerate zero points {p 1 ,... ,p m }. Take a non-vanishing
where B ε (p j ) is the ball of radius ε centered at p j with respect to g. The first term in the right-hand side is shown to be the sum of the indices of Re ξ, which equals χ(X) by the Poincaré-Hopf theorem. The second term can be expressed in terms of the Graham-Lee connection.
The transgression form Π is given by the following proposition.
Moreover, Π is given by
In the above proposition, S k denotes the symmetric group of order k, and S n+1 acts on {0, 1,... ,n} while S n acts on {1, 2,... ,n}. We have omitted the wedge product symbols in the formulas.
Proof. Let us define a linear connection
and set
where ∇ is the connection defined by θ i j . Then the connection form of
and the curvature Θ t is given by
The (n + 1)-st Chern form is expressed as
with an invariant polynomial
(3.5)
Here dots denote the differentiation with respect to t. We claim that
Since P is an invariant polynomial, we can work with any frame. Fixing t, we take a frame such that (θ t ) i j = 0 at a point. Then dθ t =Θ t , dΘ t = 0 at the point, so we get (3.6). From (3.5) and (3.6), we have c n+1 (Θ) = dΠ with
Now we calculate
with respect to a local frame {W 0 ,W α }. In this frame,
We decompose the right-hand side of (3.8) into two parts according to whether τ (0) = 0 or not:
where Π 1 and Π 2 are given by
Substituting these forms into (3.7) and computing the integration with respect to t, we obtain the formula of Π.
We prove that the integral of Π over ∂B ε (p j ) converges to the index of Re ξ at p j as ε → 0. To relate the integration of the connection forms to the index, we use the following lemma. 
Here, vol (S n ) is the volume of the unit sphere in R n+1 , and B ε (p) is the ball of radius ε centered at p with respect to g. This is a standard fact of the index of a vector field, but we include a proof as we use the estimate in the proof to study the integral of Π.
Proof. Take normal coordinates (x 0 ,... ,x n ) about p. Then, in the coordinates, we can identify ∂B ε (p) with the sphere S n ε in R n+1 . First we prove (3.9) in the case where ∇ is the trivial connection ∇ with respect to some oriented orthonormal frame (u 0 ,... ,u n ) for g. Write e 0 = F i (x)u i , and define
Let ω j i denote the connection form of ∇ with respect to (e 0 ,... ,e n ). If we write e j = a j l (x)u l with SO(n + 1)-valued function (a j l ), then a 0 l = F l and
Since the matrix in the right-hand side is in SO(n + 1),
Therefore the integration in (3.9) equals the index before we take limit. Now we consider general cases. For a general ∇, we can write as
We claim that
in the frame (e 0 ,... ,e n ). First,
Since p is a non-degenerate zero point, we have
Therefore, δ ε * dF l = O(1) so we obtain (3.10). The second estimate (3.11) is immediate since A is a tensor valued 1-form. From these estimates, it follows that
Consequently,
which completes the proof of the lemma.
As the corollary to the proof above, we can show the complex version of this lemma: COROLLARY 3.3. Let (X, g) be an (n + 1)-dimensional hermitian manifold and ξ a (1, 0)-vector field on a neighborhood U of a point p ∈ X. Suppose that Zero(ξ) = {p} and V is non-degenerate at p. For a linear connection ∇ on T 1,0 U , we denote by ω i j the connection 1-form with respect to a local orthonormal (1, 0)-
Now consider the integral of the transgression form Π over ∂B ε (p j ). As in the proof of Lemma 3.2, we can write as
in normal coordinates about p j , and we can estimate as
since Θ i j is a tensor valued 2-form. As a result, we see that the terms in Π which involves the curvature form do not contribute to the limit. Therefore, we have
The sum of the index of Re ξ gives the Euler characteristic of X by the Poincaré-Hopf theorem (see e.g., [M] 
Index(p j , Re ξ) = χ(X).
Thus we have the Gauss-Bonnet formula 
where 
We compare the structure equations of both connections. Since g is Kähler near M , ψ i j satisfies
From (3.1) and (3.14),
while the structure equation (2.3) gives
So we have
Similarly, comparing the equations
we get
From (3.17), (3.18), and (3.19), we have
The equation (3.15) for (i, j) = (0, 0), (α, β) and (3.18) give
Finally, using (3.17), we obtain
This implies that θ β α − √ −1rϑδ β α satisfies the characterization of the GrahamLee connection ϕ β α . Now it is straightforward to calculate W i j :
from which (3.13) follows.
From the proposition above, we can express the renormalized connection and curvature at the boundary with the transverse curvature, the TW curvature and torsion, and their covariant derivatives: COROLLARY 3.6. With respect to an admissible coframe {θ 0 = ∂ρ, θ α }, the renormalized connection and curvature satisfy
When we substitute the above formulas to Π, we can neglect terms involving θ in θ 0 α and Θ β α since each Φ (i) k contains θ 0 0 or Θ β 0 . Consequently, Π| T M contains no covariant derivatives and we obtain the boundary term μ (M, ρ) of the form stated in Theorem 1.
Proof of Theorem 2.
4.1. Pseudo-Einstein structures. We start with a review of some notions concerned. Let M be a (2n + 1)-dimensional strictly pseudoconvex CR manifold.
for a contact form θ, we say that θ is volume normalized with respect to ζ. We remark that θ is volume normalized if and only if ζ is locally expressed in the form
with a real function γ, for an admissible coframe satisfying dθ
Definition 4.1. A contact form θ is pseudo-Einstein if, in a neighborhood of each point p ∈ M , there exists a closed section of K M with respect to which θ is volume normalized.
It is shown in [L2] that, when n ≥ 2, a contact form is pseudo-Einstein if and only if the TW Ricci curvature satisfies
This equation is analogous to the Einstein equation in Riemannian geometry, but (4.1) does not imply that the scalar curvature is constant. When n = 1, the equation (4.1) is always satisfied, and it is shown in [Hi1] that a contact form is pseudoEinstein if and only if (Scal) 1 − √ −1A 11, 1 = 0. The set of pseudo-Einstein contact forms is parametrized by CR pluriharmonic functions. This fact is shown in [L2] for n ≥ 2, but the proof is also valid for n = 1. 
Complex Monge-Ampère equation.
Let ρ be a defining function of an (n + 1)-dimensional pseudoconvex manifold X with the boundary M . Take local holomorphic coordinates (z 0 ,... ,z n ). We denote partial derivatives by subscripts, e.g., ∂f /∂z i = f i . We set
and call J the Monge-Ampère operator. By the column transformation,
From this expression, one can see that
Also, we have the transformation law for the change of local coordinates: Let w = F (z) be another holomorphic coordinate system. We distinguish the MongeAmpère operators in two coordinate systems by the corresponding subscripts. Then,
where F denotes the holomorphic Jacobian. Combining the above two formulas, we have
Suppose that g = ∂∂ log(−1/ρ) defines a Kähler metric. From (4.2),
= −e f for some pluriharmonic function f , then g is a Kähler-Einstein metric. By (4.3), to find such a defining function is equivalent to solving the following Monge-Ampère equation:
For a strictly pseudoconvex domain in C n+1 , Cheng and Yau [CY] established the existence and uniqueness of the solution to the Monge-Ampère equation. However, we do not need the exact solution for our purpose. We use the following Fefferman's approximate solutions:
If another defining function ρ satisfies the same equation, then
We can take Fefferman's defining function in local coordinates around each point on the boundary, but we need a global potential function to apply Theorem 1. So we assume that X admits a global approximate solution to the Monge-Ampère equation, in the sense of [HPT] : 
where ∂∂ O(ρ n+2 ) stands for a term of the form ∂∂(ρ n+2 φ) for some function φ ∈ C ∞ (X). In order to derive a formula for the boundary value of the transverse curvature from the Einstein equation, let us calculate the trace of the renormalized curvature in two ways: Firstly, taking traces of (3.2) and (3.13), and using u i ∧ θ i = 0, we have
so that, by (4.6),
Secondly, by Propositions 2.1 and 3.5, we have
Comparing the coefficients of ∂ρ∧∂ρ, θ γ ∧∂ρ, θ α ∧θ β in (4.7) and (4.8), we obtain
(4.10)
(4.11)
Setting ρ = 0 in the above equations, we have
For n > 1, the equation (4.14) implies that the induced pseudo-hermitian structure at the boundary is pseudo-Einstein and
For n = 1 the pseudo-Einstein condition follows from (4.13) and (4.15). Differentiating (4.9) in the N direction k times and setting ρ = 0 gives expressions of N k+1 r| M for 1 ≤ k ≤ n − 1. When k = n, the coefficient of N n+1 r| M in the lefthand side becomes 0 and the right-hand side is a constant multiple of the Graham's obstruction function, which is known as a CR invariant (see [G1] ). Therefore, in this case we obtain an expression of the obstruction function in terms of the pseudohermitian structure.
From (4.15) and Corollary 3.6, we can express μ (M, ρ) only with pseudohermitian structure. For n = 1, we have
This agrees with the Burns-Epstein invariant and (3.12) recovers the formula in [BE2] . For n = 2, we have
(4.16)
CR invariance.
It remains to show that μ (M, ρ) gives a CR invariant, which we denote by μ (M ) . Recall that M Π θ is defined for a CR manifold with a pseudo-Einstein contact form θ. We shall prove that this integral is invariant under a change of θ. 
Proof. In the case n = 1, the integral is the Burns-Epstein invariant so it is invariant under the change of θ. In higher dimensions, we can realize M as the boundary of a strictly pseudoconvex domain X in a Kähler manifold (see [Le, Theorem 8 .1]). We may assume that M is connected. Let ρ, ρ be global approximate solutions to the Monge-Ampère equation such that (
We can write as θ = e Υ θ with a CR pluriharmonic function Υ. Since X is Kähler and M is connected, Υ extends to a pluriharmonic function on X (see [Hi2, Theorem 7 .1]). We set ρ t = e tΥ ρ (t ∈ [0, 1]), and write the corresponding renormalized connection and curvature as (θ t ) i j and (Θ t ) i j respectively. By the renormalized Gauss-Bonnet formula, it suffices to show that
From (3.1), we have
Here the dot denotes the differentiation in t at t = 0. Set
Then, calculating with a (1, 0)-frame for which θ i j = 0 at a point, we have
and so
Let us prove that α can be expressed as ∂Υ ∧ Q(Θ) near M for some GL(n + 1, R)-invariant polynomial Q. Put
so that
Since P is an invariant polynomial, it can be written as
The first term in the last line of (4.19) can be written as ∂Υ ∧ Q (Θ) with an invariant polynomial Q . By the definition, the renormalized connection satisfies
, terms which do not involve tr(Υ i θ j )(= ∂Υ) must vanish near the boundary. So this is also of the required form.
Now by Stokes' theorem we can replace α in (4.18) by ∂Υ ∧ Q(Θ). Since Υ is pluriharmonic in X and Q is an invariant polynomial, we have d(∂Υ ∧ Q(Θ)) = 0, from which (4.17) follows.
Examples.

Tube domains.
Let L be a negative line bundle over a 2-dimensional compact complex manifold Y , and h a hermitian metric on L such that g = ∂∂ log h > 0. We assume that g is a Kähler-Einstein metric. We consider a tube domain X = {v ∈ L | h(v, v) < 1} and its boundary M = ∂X. A defining Proof. Since A αβ = 0 and Scal is constant, the formula (4.16) gives
Taking fiber coordinates ζ = re √ −1t , we compute as 
Reinhardt domains.
As a second example, we consider a family of Reinhardt domains Ω r = {(w 0 ,w 1 ,w 2 ) ∈ C 3 | (log |w i |) 2 < r 2 }. These domains are strictly pseudoconvex and the formula of μ(∂Ω r ) is given by the following proposition. Proof. By taking log of each coordinate, Ω r is mapped biholomorphic to Ω r = {(z i = x i + √ −1y i ) | (x i ) 2 < r 2 , y i ∈ R/2πZ} ⊂ C 3 /Z 3 . We take ρ = 2( (x i ) 2 − r 2 ) as a defining function of Ω r and compute μ(∂Ω r ). Since O(3) × T 3 acts on ∂Ω r as local CR diffeomorphisms and the contact form θ = ( √ −1/2)(∂ρ − ∂ρ) is invariant under this action, it suffices to compute Π θ at a point p = (r, 0, 0) ∈ ∂Ω r . In a neighborhood of p, we can write as
We set x = (x 1 ,x 2 ). 
